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1 BLeIC

1.1 EBRREE

TYRNVERTA b~y FEDQIZETY X ET7 2T 2T 4 A5 [3], O CHEIGERICO W
TRD I TR T 3,

A7 22K (illegitimate totality) ZHEFRd 2 72O DB, KD X ) ITBXS5N 3,
" 2E£FDDTRT[DRE] 2L LD, fMThh, ZOHEEFHD-BTH-
TRESRV), HrIEHIC, TH2HEF DD, 22RO LIKET % L 202k
IZX o TLDE T?&miv&%i%Aﬁ_k:&oftiﬁ%Q,%@%ib
AR ER- v . Iz TEEEEEE (Vicious-circle principle)) EFEZE Y. %
DFEFIZ L > T, AU LEEOREICEHEENLEHERZMEST 2 2 L3 TE 52056
ThD, (B ERHNY A TOE, =Y 130 26 D5, )

:@%ﬁ%ﬁﬁﬁiﬂdfé%i%@%%kﬁ%’ki?%&b.ﬁ&i&x:{ﬂ&%%
é‘@ﬁﬁ:ﬂi%‘é‘ N, Lo L, 1EER 2 i ICil o 2 B AR O B TH 5 2 LA ST
. UTAE, E@’ﬁ%?%7Uh1%ﬁaﬁ%MMﬂ®ﬁ%m%?wkLT TEERIN 55 D
BEAEHEDIZEDON, T—FIR—ZADEHRET VR EL L DISHABRWIEINTH 3,
T}ﬁ}%ﬁ{j\%nzu&)tﬁb) B ZFC DEEHEIC I o 2B D —01%, BED X v Xy vy TEfRICH
2 A (inductive) GEBHDMER 2 2 LB Z D FELBEEHD U EDTH A 9. D F b HEFNE
EV) NP EGORBEDMEITERA 2 2 EBRE WV, o ={a} B2EELDH L L, bITPH
WA IR Z v, BOBEZ 5L, ZFCHEGROMRIL, HELZLDP LB KL
MEFITHER L TV, WHIECTFEE D BT DOV (well-founded) AT H D, (EERHE
& 3R Th 5.
—J7, JRAE DX T H B RIFHI (co-inductive) iR, b+ v 75 VINREROHRELT
f)b KR LS DTV B9 E 9 Dl iF;'%/Lﬁb)iﬁb) ThbbiERMEZ DRI ANS
@T%% L L%d3s, ZOPEREOREIC X 2HtH1E, RWEROBELE RS
ICEECH B, oIkl %%&&%Wﬂ%@%:Fﬂﬁﬁjﬁmbjo:aﬁ%®EMT
?) 5. 7—NMARETHHEHDRD LT, ZOBRDEBSIRD 7D &) RCHIS 7R
MPEERL &) X ZEBOBRITH 5. RIwiiE R, DEER) TldZzw, NELWER) 0o
Wi E Wz K 9.



7 v, HEIEBRFENIIRE L 7228 TIEL WIEBRDJFHEE ) 12O W TR RICHEE-> T Wni
WEIHITHD, 7y NVIIEEHINIPICRZZITE L WIEROGTwMHIZb - E HEINTH X
WOTIERVREWV) BD S, Aczel [1] DHEGTROEEARN 272 OB ITEE L 72w,

1.2 4 7188

EitosIH» Sl TE 2 k)i, 7y L OEERIEHEOZH Z L OHWIE, 5 A4 742k
DYALT ) R THATIVLEDBTHT IV ) OGO 5222 LichotBbi s,
Z00I, A4 THEwRZAIRL72DTHA9. 7y NVIZHELIA 7HERIIBEEZD T
DT EDEME) ZEDII WS> TODDEALIN? £z, FvRNDIA THERIZED LD
WEHM SN TWBEDTHA I 9 ?

BRD Y 4 7THHEZHI L~ ALk InswLFrL—7 [ # FICEIH L2, Zhuc
U7 venvod 4 7ML, BITAMOEAZ Lo TRREINTVS, ZLTIDORKD
ZliE, Yy 7OBROX EFIFREENGRHOPTERDIRELEPN T EPHEKE Lo
TWw3, 7vRVDY A4 7HEIEE AZBEESIKRL 5 2 &L, MRICEHIN ZFCHE
A LD L TEHDEDEDEZSTLEI DD, BB LrN, KL Z->TLE->TWnD,

L)L, "4 78k 5 47 503 ThTa)oekohsa), D7y LIPS
MDY A HIE L7287 By 7 Z3BRETH EREMRTH 2. 2oLk ) BERICH-T, X
DINFL—=7DFHICHA OGNS Ty NDY A THEGDOFHHIZHELIZH D 220D TH
A2 v DI A THEITMRISHMAL T2 EE D) DFELNEYISRE LW, b
ZVIIHRETRET?A TT7TE25ZICEEICMOTHEIDTHS )0 ? BENICLLT vE2ILD
ZA7THEwREAS R (EHEDLIR) HILL>TRICEDLHRTH S,

Mathematical logic and the relation between logic and mathematics have been

interpreted in at least three different ways:

(1) mathematical logic as symbolic logic, or logic using mathematical symbolism;
(2) mathematical logc as foundations (or philosophy) of mathematics;

(3) mathematical logic as logic studies by mathematical methods, as branch of

mathematics.

We shall here mainly be interested in mathematical logic in the second sense.
What we shall do is also mathematical logic in the first sense, but certainly not
in the third.

The principal problem that remained after Principia Mathematica was completed
was, according to its authors, that of justifying the axiom of reducibility (or, as we
would now say, the impredicative comprehension axiom). The ramified theory of
types was predicative, but it was not sufficient for deriving even elementary parts
of analysis. So the axiom of reducibility was added on the pragmatic ground that
it was needed, although no satisfactory justification (explanation) of it could be
provided. The whole point of the ramification was then lost, so that it might just as
well be abolished. What then remained was the simple theory of types. Its official
justification (Wittgenstein, Ramsey) rests on the interpretation of propositions

as truth values and propositional functions (of one or several variables) as truth



functions. The laws of the classical propositional logic are then clearly valid, and
so are the quantifier laws, as long as quantification is restricted to finite domains.
However, it does not seem possible to make sense of quantification over infinite
domains, like the domain of natural numbers, on this interpretation of the notions
of proposition and propositional function. For this reason, among others, what
we develop here is an intuitionistic theory of types, which is also predicative (or
ramified). It is free from the deficiency of Russell’s ramified theory of types, as
regards the possibility of developing elementary parts of mathematics, like the
theory of real numbers, because of the presense of the operation which allows us
to form the cartesian product of any given family of sets, in particular, the set of
all functions from one set to another.

In two areas, at least, our language seems to have advantages over traditional
foundational languages. First, Zermelo-Fraenkel set theory cannot adequately
deal with the foundational problems of category theory, where the category of all
sets, the category of all groups, the category of functors from on such category
to another etc. are considered. These problems are coped with by means of the
distinction between sets and categories (in the logical or philosophical sense, not
in the sense of theory) which is made in intuitionistic type theory. Second. present
logical symbolisms are inadequate as programming languages, which explains why
computer scientists have developed their own languages (FORTRAN, ALGOL,
LISP, PASCAL, ...) and systems of proof rules (Hoare!, Dijkstra?, ...). We have
shown elsewhere® how the additional richness of type theory, as compared with
first order predicate logic, makes it usable as a programming language.

1 C. A. Hoare, An axiomatic basis of computer programming, Communications
of the ACM, Vol. 12, 1969, pp. 576-580 and 583.

2 E. W. Dijkstra, A discipline of Programming, Prentice Hall, Eaglewood Cliffs,
N.J., 1976.

3 P. Martin-Lof, Constructive mathematics and computer programming, Logic,
Methodology and Philosophy of Science VI, Edited by L. J. Cohen, J. Los. H.
Pfeiffer and K.-P. Podewski, North-Holland, Amsterdam, 1982, pp. 153-175.

2 #BESH ZFC /AFA

EERZ o6, IELWEROGwE E LT, HEA [1](hyperset theory, non-well-founded
theory) DHLA T & FMT 2. EHEQABINEGH ZFC ZWERI & T 2. ZFC XK DA FA
ZRoTWw5,

2R 2.1 (FA (Axiom of Foundation)) 22 ThRWVWESILX, ZNELXLORVESZEEL
LTaL, §4hbb
Ve (z#£0— 3y (zNy=0)A(y € x))).

CORM»SANHEZER LT 2HEA, Lt A c a R BZBEADHIRI NS, KIT, AFA
(FEBED NP Anti-foundation Axiom) Z IEfEICIAR K S . </ —F" Do 2L A5 N L Nx N



DR EE EDWFN G = (N,E) 277709, (2,y) EEDEEZE ok yDORB, y % 2 DF
WS GO — PICEAZEID Y THEH dI1Z, Xtz dLEGoTFALb—>13
VEXEND GDE—F z ICHIDMUTEESAd(r) 132 DFICHD Y TE2HEEORAETH
5. $hbb, dz)={dy)|yldzDF}.

IR 2.2 (AFA(Anti-Foundation Axiom)) {fEED 777 GITNLT, GOTaL— 3
YIEL THE—TH %,

AT, ZFC O FA(JEREDONEL) 2 AFA (BERED 2B, Anti-Foundation Axiom) IZi& %
A TRONLIEAMTH S, BEAWMEZ ZFC™/AFA L& ¢

ZFC~/AFA = ZFC — FA + AFA.

DT AROREE T, VIEZFC™ /AFA DEGRHKD 7 7 A 28T LT 5, AL, §XTD
P7I7ADEEFNZCTHOLDT,

N AFA 3, o L Ffich 2. 2oERbDDIZ, 77 708&% 7 7 Ak
B2, ) —F" 6k 77ANENxNDFI77AEDEFTHN G=(N,E)%2IART
LEwd. (2,9) EEDLEE 2%y OB, y% 2 DFLES. 2 DFORERBERERT & T
T5. GOTaLv—ravdy /770N EAKICERING. 777 L8RED, SATLD
/) — FOLMKITED 7 5 A (proper class) Thib v, 72 21X, (V,€) ZT AT LATHEHH
75 7 Tk,

XZIRGA=HFDIFALETH(XCV). XIFEHDIZ FATH>TH I, £RFX—%
r e XITHLT, Bfha, e VZEDLBTIHEDI L2, FXRE LU,

r=a; (x€X)

EEHC, ZFCT/AFA T3 z = {a}, y = {y} %2 &R 2072 T 2,y DEI—-FHTHI LD,
HfETE 5,
EAHDOMATORABRIEZIREET 2 ROED, AFA 581N 5,

EE 2.1 (fXA#HRE (Substitution Lemma)) X 287 X =5 DI 7R, AZ‘TFL DY
FSAEL, HOILHEET S, 0= (by)oex ZHEOBET 2. b, = 0(z). 2D EE, B2
S IHELT, EEOEA e VITH L TROFEXZ R 7T ¢

0(a) = {0(x) lycanX}Ufy|lycanatu{dy) |ycayg X,y g A}

CDORENBTONSWEZRAL L&, U, —BRERBICE VT, 2RI 2 E
DT O 2D (ERTH\) FUSKT ZRAERS 0 12 L THRICHIETE 2 L) B A
SNI-HEDFHEMTH 5.,

AR 2.1 AETIEFRAALE LT, VOHEBIZTXRTROESTH S LIREL T3, \hHW S urelement
BHGZRG, YRR XA=FH7 FALMBROEATI—T 4 Y7L T2 L) G THL. Lo
T, HOBTOHO ERAIDPRCRIA=FIIN L TELRIFERZETEELHDES, & 21E,
FA=F % {0} LODZDODARELT, EIVHSTOZ {0} —-0,0—~0ETS, T2L, 0DEEZ
DHDED, 0{0}) = 0 TH B, —T, RAIDERICED, {0}) = {0(0)} = {0} TH2H»5,
0({0}) £ 0({0}). ARDHETIE, V OBFEREATH S, ZRERAMHIAIX—FH20IET F LT
Hr56bH 5. —HEGLLZ ) TH 20, RABFEONRIIFICES L AZINEDTERALIEZ S,
Aczel [IJ IZHART, ©LAHGROMAVZTHET-EZ D T2 LK) IcEbns,

RAFHETHRGE S U RABRIEZ fli> T, ROEH)GEEI I NS,



EIE 2.2 (BBfRE (Solution Lemma)) X%z =0a, (z € X) REIMH22=—7I12FKD,
Tibb, £HEo = (cr)eex DL —ZITHEELT

g =06(ag) (zeX).

B 2.1 I KU, ROBEETEA»MW L2 2= — 27 12KD. = {a,2}, y={b,y}. TTT
a, blF7 L ET D,

— I, EED 7 T A X IZDWT, F DD X OIS HEEGOMHOME LTRSS F(X) =
U{F(z) |z e V,a C X}— & &, F % set continuous & \>?) . Set continuous 7% 7 7 A
(2D TROEIANL Y 32D,

EIE 2.3 Set continuous % 7 7 AEHFE L, RAANEA & /A ERiZ K.

RO EMIZIBINE (induction) ZLRAEL TW 5,
EIE 2.4 F 2% set continuous 72 7 7 AEHFE & S IERIEFETH 5.
e X3 FORNEINTH?.
e Xk F(X)C X %27 THNDI FATH .
ROEHIL, RIBWE (co-induction) ZHEFEL TV 5,
EIE 2.5 F D' set continuous % 7 7 AEHHE & S IERIGFMETSH 5.
o X I FORAAHHRTHS.

o X3 X CF(X)ZililTHADI FATHS.

Bl 2.2 F(X)=Ax X %2577 AEHFE F L set continuous TH H, F DIRAAHE T AD
HHEDPOD ALY =L DREFEATHS, AZBIEARLRT 7 avOfEAELLT, A* 3,
7Y avOERIEZEIRLTED, 7u AR ICE W THANTSH 5.,

2.1 5B RABERE (Special Final Coalgebra Theorem)

EBD LA M) =L DD B 7 7 AMEAFEOA B & L TERS N, g,
DBIDIR T L) I T = HZERFEOATR L L TERT 2 HIEEBZENTH S, 20X )%/
HimDHME L LT, ZFC™ /AFA % i\ 2 Rk R ARBUEPE (special final coalgebra theorem)
DB, THUTODVTHHAL X 9.

Set continuous T D WUENEBRZRAE T 2 7 7 AT T 21RERF (standard functor) &
LI2N

T(ta,B) = t7(4)1(B)

CITuxy 37 7AX D5 Y ~NOUEGHEET. (X CY)
T%277AMFE, f1A— T(A) ELT(A f) 2 T DR (final coalgebra) L9 . f %
CDRREDEEST (structural morphism) EFES. (A, f), (B,g) 2 T DRMAEE T 5. B



h:A — B2 T(h)of =gohZiZd%61E, h ZRAE A D5 B ~OMIE (mediating
morphism) & M55

A B
/ g
Tmy?@TTw)

T T ORI L 2 DROMNHOREDBEZ 5T 2 LIIAG PO OGNS, ZOEDH
KA (initial object) T 7% b5 T DIRHIVEL (initial algebra) &, #AE (terminal object) § 7% b
b T ORRNEPEETH 5.

Bl 2.3 772X IZHLTZDEIEEDLRAEZ pow(X) £ B pow(X)={z |z e V,z C X}.
X =Y OEE, pow(f):pow(X) — pow(Y) % powlf)(x) = {f(u) |u €z} (x € pow(X))
TEETSE, pow ld 7 7 ABEFETH S, V I pow DIRAAEIFRTH D, 20>, MHEIED S
pow DIERINETH 5 Z B335,

Bl 2.4 2,y 2T X—=% f%& dom(f) = {z,y} BBHEET, f(z) ={z,y}, fly)={0,2} £ T
5. ZDLE ({z,y}, f) 1 pow-RRETH 5. ZORRBUIERR 2 = {2,9},y ={0,2} %
HLT03,

ZFC~ /AFA DAV T, V HED pow DA TH D pow-IERAETH -7z, —ilt
I, RAARFESEAREE T2 X9 % 7 7 ABETFOEMRMD? 72D 57 A%%EY
FALELT, RFIA=F D2 F A% dom(f), IRAMEICE D, fFIox U TRASRME f 32 =—

ZICkEST, ZLT, pow(f)(u) = f(u) &, pow(f) DIERIDMUAIRMEE LTEEI N, pow
DZDWEHZ ML - DBRDEHRTDH 5.

EE 2.1 (FHCE UL T—# (uniform on maps)) C © HCETF T 235HCBI UL T—#&R (uniform
on maps) TH 25 & FRDFEMEDIRY DI ETHL: EED I T A A LZDEFR uwe AT
LCH D520 %EEc, £ X,, BLY, ¥ ¢: X, — uDFEEL TROFEM LT .

1. P(ey) = u.
2. fEHED f1 A VIZOWT, T(f)(u) = fo(cy).
COEZEDD L, Aczel iZ AFA ZREULTROEMZFEH L 7.

EIE 2.6 (FFHERAEEIE (The Special Final Coalgebra Theorem)) #HH#ERIT T A%
B L TR 61X T OERAAEE J(T) 13 T OMRAETH 5.




Bl 2.5 7 7 ABF pow IFHICBAL T—HRTH D, HS DTV 23 pow DIRAALE R TH S, Lo
T pow DEBRRBUIV TH B, L7>T, EHIORRE ({z,y}, f) 20 VB L PL=—
JITHIEL T

h(z) = pow(h)(f(z)) = {h(x), h(y)}

h(y) = pow(h)(f(y)) = {0, h(z)}.
IS WS R LI T, BT pow D & SRR ANREGEHIZ, X200 HLOEANT
RCT7 7y b REAOMMEEFAMTH 5.

ZOEBDOIGHHPIZIA . & I 7 u e ARBERVBEGR O 2 & #En & L COIBHLE S
nTws, o, REBEER, BRREBZ TR ZBOMEOEE, RRED 6 ERREBA~D 2
=V e B 2 Lic k), BaiEE S %, PR OHO R LRSS 5
1213 Z OIERARGEIS Lo (LBl EDIIR E A S 2 LI TE L, ZOEKT, ZFC~/AFA
X, HPARE W) BERNGRS Y8 v 7 ANMEEDOEEGRVIEEREAZ LB TE S5,

h
h

R 2.2 EEMET ide IEERETTHY, VB ide DRAAEETHS. ST, EEDO VIV v
{2} 1%, ide DRABE L TRBIHEEH 2R, L2 L ZORMRED S V ANOMMAFHIEEICHEET 2
D6, VIdide DMARETIE R, FEBE, RBITHD5 LI ide 1FEHCBIL T—BTI 2w, (fRA
BEOH TR EEEZ 2, )

2.2 BEFELBEEDOH

ide, EBBITF, Ax_13TXTset-based TH 5. Set-based ZREHIFIFEHICEI L TEHL Tw»
%. Set-bbsed ZEHFDBEDHI, 1AL, FEDH VLI D set-based TH 5. Zo TN KL
(HEDPD NS,

Bl 2.6 HLEXRE 7 5 AT pow D¥set-based TH 2 Z LIZAEHICHODS. TIT, pow(X) =
{u eV |uC X}, pow(f):pow(X) — pow(Y), pow(f)(u) = {f(z) |z € u} (u C X), TH»>
7. pow (3B L, #ied THEELZ set-based BIFTH 5.

Bl 2.7 (BRA—KRYEY) T2 ANETEES ELT, 02 EFHE 2 L LS AS) =
pow({e} UX xS), f:S - S &F5. z€ S, ue T CHLTASf)(u) ={0]|0€u}tU
{(a,f(2)) | (a,2) eu} LEET S, ZDLE, AFREFzZzEL, S-A—FYMVEFL L5,
A IFH S 22T set-based TH D, L D <, standard TOOHICBIL T—HkTbH 5. HRA—
R by (5,5,6,6F) (FCS,s€5,6CSx%xS) IKAHLT, ROFRTERING AR
B DIRIET 5

'(z) ={e |z € F}U{(a,y) | 8(z,a,y)} (z€S).

WZ AR S — A(S) I LT, HRA— b= by (S,5,6,s F) BRCTERS NS,
seS, F={sleed(s)}, dz,a,y) < (a,y) € d(x). 2o (FHIREDIEE IR\ T)
ARA—F = b v O&E A-RAEDEVIEMRICHIEL TW5E Z Ea3bh 5, REWA—
< L DOGESFARRICH 284 BTN 2 /MR8 LTHERAMLTE 2, T, BARRE
M, ARA— b= Y DEHERZED S L) FRELZEATVS, ZOFHEIEF—HKICYE DR
FDANY =L THHD, FREDOGEINCHIR T U, Z1UdiEFE OIERSEOMRZ R
RE DD & IR TE 5.



Bl 2.8 (BRRAREERBK) A2V J=FvL75.
T(X)={a(x1,...,2) |a € ADXEIIn >0, 1, € X (1<i<n)},

0, T(f)al@t,...,zn) = a(f(@1), ..., f(zn) LEHET 2. T5 L T-REE 2 OO UERR
DIRTEOHRENE, AD»SERINEHB A-REZERL 0D, —F, T-w &L 2D
HEFRI DL T B OMRAREIE, A b>6$)ﬁ§h%ﬁiﬁﬁ7k®éf$%i‘%bfu)

2.3 AFA Z{REULRBWERAHEE

HEZHINARAOE L L LT, BRARRABEHEOTERERS ». LaL, HEZH
7 A DHAE L V) TGRS 12133 2y 9IS, HABMICIZ Z2 O 2 FEEINICEED
TV EEZ 6N HERRBUEH (final coalgebra theorem) DEFED K W, MEARRECERIZ
RS RIBE O — ML TH 575, FA b AFA bIREL RTINS, 2L T, &R
BEH D 5 non-well-founded A DT DM pow-RfUEE L Tw & bfHICENRTL £9.
LU Z of&RARBue P2 37 5.

RDFEM 2727 7 ABF T % set-based W5 7 7 A AL, FaeT(A)IIRNLT,
HEEABCALbe BPHIEL T, a=T(tap)(b). Aczel & Mendler IZRXZFEHI L 7= [2].

EE 2.7 (BRAYMERE (Final Coalgebra Theorem) [2]) 7 7 ABITF T % set-based 7% &
T DERRED (A, f) FRHET %: T DIEBORNRE (B, g) ICH L TROKIRX» L 72 5 &
375, (B.g) 25 (A, f) ~E h 232 =— 2 I ET B

h

B A
g f
T(B) W T(A)

ZOEHIE, IR AFAZRELTWERWL. Z00b ) 121X, AlZ T ORKAER T
o L L, RRBOMEHSDARIICFHIGHIC 2 2 2 L i, BimcRCAS @ TH
%. pow DIERNREN ZFCT/AFA DET N ERDZ I EZRTIELHL S v, DF DR
RECERE ZFC™ /AFA DE TNV DR Z Rk GHAGE L TEATVIDITTH 5.

Bl 2.9 ide % set-based TH 5. L7 > THRRRB 2>, FEE, EALRS Y IV U dde
DERRBTH 5.

3 &HIC

LB DOWIZEIE Z D 5EMITHE IR SN T3, ZDHEEE Web THRBITT 7 £ X
TED., FrENEF2—FYTPALEAKTH S, BUCTER D, 5 2H1T 2.

ARETIE, Aczel IZfE\, 75 ARMEDLRTHT Y L\, T v )L OBEEIEIERI 7 BT
WKESIDLLL R bR LIFR BERATIVE2oTws, L2L, 7AT7DOFRA v
FEMRNICHIR T3 HTH 7 7 ARMENTWRDT, 77 AHHZREL 72, EBIZX, 752
DS T ERBEFTHY, THLEVI ERFLTLROOT, HEERINICHREICR S %

8



WIZ LR ZFCOMHERU Z ETH D, B, 77 A%Hibiw Lk ) LDekhiE&aREuE o
HH W OPFHERIN TS,

BRI, FARARAEER A MMEAOTHEH V O TFREIZ, L2 DEEICBREL 20k
AREONZLE#RD S Ltk Aczel DAY P FLoERL EGEHIE, 93T X =% OffifHD
7DV ZINET 2% EMEDO T E VP BEMLFIESHRETH 57, L L, AHDOEN
DS Aczel DAV P F N ZN EEMITH B X, HHICRZZZE 3 HD, AL, L
L, BEICIEFEHD R TH B,
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