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Abstract. In this paper, I propose a new version of probabilistic dy-
namic epistemic logic (GIPDEL) that is based on general imaging, and
sketch the proof of soundness and completeness of this logic. The Monty
Hall dilemma is a common topic in probabilistic dynamic epistemic logic.
Using product-update-rule-based probabilistic dynamic epistemic logic
(PUPDEL), Kooi ([7]) supported the answer that I should switch my
choice. However, it is acknowledged that this answer is counterintuitive.
Using GIPDEL, I can support the answer that I do not have to switch
my choice. Intuition would suggest this answer. Moreover, GIPDEL can
give a plausible answer to a modified version of the Monty Hall dilemma
to which PUPDEL gives an extremely counterintuitive answer.

1 Introduction

Epistemic logic is the logic of knowledge. Dynamic epistemic logic is an exten-
sion of epistemic logic that can be used to reason about knowledge changes.
Kooi combined probability with dynamic epistemic logic.! Because this logic is
based on product update rule, I call it product-update-rule-based probabilistic
dynamic epistemic logic (PUPDEL). The Monty Hall dilemma is an open problem
which is well-known among linguists, philosophers, psychologists, and logicians.
This dilemma has the same structure as the problem of three prisoners. Nowa-
days this dilemma is a common topic in probabilistic dynamic epistemic logic. In
[7], using PUPDEL, Kooi supported the answer that I should switch my choice.
However, it is acknowledged that this answer is counterintuitive.? Imaging is a
method of changing probability functions Lewis proposed in [9]. Gérdenfors gen-
eralised this method in [3]. In this paper, I propose a new version of probabilistic
dynamic epistemic logic that is based on general imaging and sketch the proof of

* This is a preprint of a paper whose final version will appear in Washio, T. et al.
(eds.), New Frontiers in Artificial Intelligence: Joint JSAI 2006 Workshop Post-
Proceedings, Springer-Verlag, 2007. The copyright of this paper is transferred to
Springer-Verlag. This paper will be available at http://www.springerlink.com.
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2 For the view that this answer is counterintuitive, refer to [5].



soundness and completeness of this logic. I call this logic general-imaging-based
probabilistic dynamic epistemic logic (GIPDEL). Using GIPDEL, I can support
the answer that I do not have to switch my choice. Intuition would suggest this
answer. Moreover, GIPDEL can give a plausible answer to a modified version of
the Monty Hall dilemma to which PUPDEL gives an extremely counterintuitive
answer.

2 Probabilistic Epistemic Logic PEL

2.1 Language

Fagin and Halpern gave the language of PEL Lpg, .3

Definition 1. Lpg is defined in terms of a countable set S of sentential vari-
ables, a finite set A of agents, an epistemic operator K, and a probability func-
tion symbol P,. The well-formed formulae of LpgL are given by the following
rule:

n

pi=s|T|=¢|d1Ade | Kal@)| D riPalen) >,

=1

where s € S,a € A andr,...,r,7 € Q. Zr, (i) 1s called a term of LpeL,

and Z r:Po(@;) > 1 is called an a-probability formula of LpgL. Let PpgL denote

the set of all well-formed formulae of LpeL. Let Py .. denote the set of all
a-probability formulae of LpgL and let Tg,., denote the set of all terms of Lpgy .

1,V,— and « are introduced by the standard definitions. We use the usual
abbreviations for readability.

2.2 Semantics

Fagin and Halpern defined a multi-agent structured Kripke model for PEL as
follows:*

Definition 2. A multi-agent structured Kripke model for PEL MpgL is an (n+
3)-tuple (W, 7, Ra,, ..., Ra,,P), where W is a set of possible worlds,  is a truth
assignment to each s € S for each w € W, R,, is an equivalence relation on
W x W fori=1,...,n, and P is a probability assignment that assigns to each
a € A and each w € W a probability space P(a,w) = Wa,w, Faw, Pa,w), where
Waw C W is the sample space, Fq ., is a o-field of subsets of We ., and P, 4,
is a probability measure defined on Fg .. We define R,(w1) and Wy 4, (6) as
follows:

Ro(w1) := {wa : (w1,w2) € Ra},

Wa,wy (¢) :={w2 € Wa,uw, : (MpeL,w2) = ¢}
3 11]: 343].
4 [[1]: 343, 346).



Moreover, MpgL satisfies the following conditions:

For alla € A and w e W,
(CONSf) Zf P(a, ’LU) (Wa wy j:a Wy a w) then Wa,w C Rll(w)7
(OBJ) P(ar,w) =P(az,w) for all ai,a2 € A and w € W,
For all a € A and w1, w2 € W,
(SDP) if wa € Ra(w1), then P(a,w1) = P(a,w2),
For alla € A and wi,ws € W
(UNIF) if Pla,w1) = Wa,wys Fa,wys Pa,w,) and wa € We
then P(a,w2) = P(a,w1),
Forallae A andw e W and ¢ € Prpg,
MEAS) V1, 0(6) € Faa,

Let MpgL denote the class of all structured Kripke models for PEL.

(CONS) postulates that the belief system of an agent who places positive
probability on an event he knows to be false is inconsistent. (OBJ) postulates
the objectivity of probability assignments. (SDP) postulates that the choice of
probability space is the same in all worlds the agent considers possible. (UNIF)
postulates that we can partition R,(w) into subsets such that at every world in
a given subset, the probability space is the same. (MEAS) postulates that all
well-formed formulae define measurable sets.

Fagin and Halpern gave the following truth definition.®

Definition 3. The notion of ¢ € Prp being true at w € W in MpgL, in
symbols (MpgL, w) |= ¢ is inductively defined as follows:

(Mpe,w) Es  iff w(w)(s) = true,

(MpeL,w) = ¢1 Ada iff (MpeL,w) = ¢1 and  (MpeL, w) = ¢e,
(MpeL,w) E ¢ iff  (Mepe,w) = ¢,

(MepeL, w1) = Ka( ) iff (MPELﬂvz) E ¢ forallw: € Ro(w1),

(Meec, w FZn (6) =7 iff Zn o (W0 (1)) 2 7.

If MpeL,w) = ¢ for allw € W, we write M = ¢ and say that ¢ is valid in
M. If ¢ is valid in all models in Mpg, we write Mpg. = ¢ and say that ¢ is
valid with respect to IMpgy.

We define the probability of the semantic value of ¢ € @, as follows:

Definition 4.

Y Pow{ws}) ifber 4 L,

Pa,w, (Wa:wl (¢)) = w2EWa w, (9)
0 otherwise.
5 [[1]: 350-352].
5 [[1]: 343, 347).



2.3 Syntax

Fagin and Halpern gave the axiom system of PEL as follows:”
Definition 5.

(49)

(A10)

(A11)

(A12)

(A
(A1

(A15)
(A16)

(A17)

(A18)

o Axioms of PEL

(A1) All tautologies of classical sentential logic,

(42) Koo — ¢>2) (Ka(¢1) — Ka(¢2))  (K),

(43) Ka(¢) — ¢ (1),

(44) Ka(¢) — K K.(¢) (Positive Introspection),

(A5) —Ka(¢) = Ko Ka(¢p) (Negative Introspection),
(A6) Pu(¢) >0 (Nonnegativity),

(A7) Po(T)=1 (Normalisation),

(A8) Po(d1 A p2) + Pal(pr A—g2) =Pa(d1) (Additivity),

n n

O riPa(¢) 2 1) = (Y riPa(d) + 0Pa(éns1) 2 7)

=1 =1
(Adding and Deleting 0 Terms),

O riPa(¢) > 1) = O 75 Pales) > 1)

i=1 i=1
if ji,-..,Jn 1S a permutation of 1,...,n  (Permutation),
n n n

O riPa(e) = 1) A riPa(60) = 1) = Y (ri+1)Pa(¢i) = (r+17)

(Zdldition of Coejﬁcie’r;;;,
O riPa(¢n) > 1) < (Zr'm a(¢) > 1'7)

=1
ifr' >0 (Multzplzcatzon of Nonzero Coefficients),

18) (t>r)V(t<r)ift €Try (Dichotomy),
4) (t>r)— (t>r2) ift €Trpy and ri > 12 (Monotonicity),
Ka.(¢) — (Pa(¢) =1) (Correspondent to CONS),

n

(Z riPqo(pi) > 1) — (Z ri; Py(¢j,) > r) (Correspondent to OBJ),

i=1 i=1

¢1 — (Pa(¢1) = 1) if ¢p1 € Pa,cpg. 07 ¢1 s 22 such that ¢2 € Parpg,
(Correspondent to UNIF),

d1 — Ka(¢1) if ¢p1 € Pa,cpg. 07 1 s —p2 such that ¢p2 € Pa,rpg,
(Correspondent to SDP),

o Inference Rules of PEL

(RI) $r 1o de (Modus Ponens),

P2
¢ o
(R2) K.(9) (Generalisation),
(R3) 1 < f2 (Distributivity).

Po(¢1) = Pa(¢2)

" [[1]: 344, 353, 357).



If ¢ € Ppgy is provable by (R1),(R2) or (R3) from (A1),(A2),(A3),(A4),(A5),(A6),
(A7),(A8),(A9),(A10),(A11),(A12),(A13),(A14),(A15),(A16),(A17) or (A18),
we write FpeL ¢. The subsystem consisting of (A1),(A2),(A3),(A4),(A5),(R1)
and (R2) is called S5.

2.4 Soundness and Completeness

We can prove the soundness theorem of PEL in the usual way.

Theorem 1. (Soundness)
If FpeL ¢, then MpgL = ¢.

Fagin and Halpern proved the completeness theorem of PEL.2

Theorem 2. (Completeness)
If MpeL = ¢, then FpeL ¢.

3 Product-Update-Rule-Based Probabilistic Dynamic
Epistemic Logic PUPDEL

3.1 Language

Kooi gave the language of PUPDEL Lpypper.’

Definition 6. LpyppeL s defined in terms of a countable set S of sentential
variables, a finite set A of agents, an epistemic operator K, a probability func-
tion symbol P, and an update operator | |. The well-formed formulae of LpyppEL
are given by the following rule:

n

$i=s|T[=¢| 1A | Ka@) | D riPale) 27| [$1]62,

i=1

where s € S,a € A and r1,...,mn,r € Q. [1]d2 is interpreted as “po is the

case after everyone simultaneously and commonly learns that ¢1 is the case.”
Let @ rpioon. denote the set of all well-formed formulae of LeuppeL. Let P, royppe
denote the set of all a-probability formulae of LpyppeL and let Ty ppp denote
the set of all terms of LpyppEL-

3.2 Semantics

Based on Definition 2 and [[7]: 388] , we define an updated multi-agent structured
Kripke model for PUPDEL as follows:

8 [[1]: 357-359).
9 [[7]: 387).



Definition 7. When a multi-agent structured Kripke model MpyppgL :=
(W,m,Rays--.,Ra,,P) and ¢1 € Proyppe. 0re given, an updated multi-agent
structured Kripke model for PUPDEL Mg, puppeL is an (n + 3)-tuple

(W¢1 y Ty s Ra1,¢1a ceey Ran,(m ) P¢1)7 where

Ws, =W,
7T¢1 =T,

Ray,1 = {(w1,w2) € Ra, : (MpuppeL, w2) = ¢1},

Ra,.6, = {(w1,w2) € Ra, : (MpuppeL, w2) = ¢1},
Poy = (Wa,wi,615 Fa,wr,é15 Paywr g1 ), where

W, — Wa,wl if Pa,wl (Wa»wl (¢1)) =0,
a,wy,¢1 + {U}2 c Wa,w1 . (MPUPDELwa) ': ¢1} Oth@TWiS@,

Fawi,é1 15 a o-field of subsets of Wa wy,61,

Pa7w1 (Wa7w1 (¢2)) if Pa,w1 (Wﬂ,w1 (d)l)) =0,

Powy 61 Wa,wy,6,(62)) = § Pa,uy (Wa,w, (91 A 92))

Pavwl (Wavwl (¢1))

otherwise,

Moreover, MpuyppeL and My, puppeL satisfies (CONS),(OBJ),(SDP),(UNIF)
and (MEAS). Let MpyppeL denote the class of all structured Kripke models for
PUPDEL.

Based on [[7]: 388], we give the following truth definition.

Definition 8. The notion of ¢ € P, yppn being true at w € W in MpyppEeL, in
symbols (MpuppeL, w) £ ¢ is inductively defined as follows:

(MpuppeL,w) Es  iff w(w)(s) = true,

(MpuppeL,w) E ¢1 Ad2  iff (MpuppeL,w) E ¢1 and  (MpuppeL, w) E @2,
(MpuppeL, w) = ¢ iff (MpuppeL, w) = ¢,

(MpuppeL, w1) = Ka(¢) iff (MpuppeL, w2) = ¢ for all wa € Ra(w1),

(

MpuppEL, W) = Zripa(¢i) >r iff ZTz‘Pa,w(Wa,w(¢i)) >,
=1 i=1

(MPUPDEL,H)) ): [¢1]¢’2 iﬁ (Mm,PUPDELaw) |: P2

If (MpuppeL, w) E ¢ for all w € W, we write MpyppeL = ¢ and say that ¢ is
valid in M. If ¢ is valid in all models in MpyppeL, we write MpyppeL | ¢ and
say that ¢ is valid with respect to MpyppeL -

3.3 Syntax

Besides (A1),(A2),(A3),(A4),(A5),(A6),(A7),(A8),(A9),(A10),(A11),(A12),(A13),
(A14),(A15),(A16),(A17) and (A18), the axiom system of PUPDEL has the fol-



lowing axioms based on [[7]: 395]:

(A19)  [¢1](d2 — ¢3) = ([91](¢2) — [¢1](d3))  (K),

(A20) —[¢1]¢p2 < [¢1]7¢2 (Functionality),

(A21) s« [@]s (Atomic Permanence),

(A22)  [¢1]Ka(d2) < Ka(d1 — [¢1]¢2) (Knowledge Update),

P, (¢)>0—>

n

(A23) w4§jrz (6) 2 1) = (Y riPa(d A [9]é:) = rPa(0))
(Probablhty Update 1), =
Pa(6) =0 —

n

(A24) [w§:n (¢5) = 1) = (O _riPa([d]gi) > 1)

(Probablhty Update 2).

Besides (R1),(R2) and (R3), the axiom system of PUPDEL has the following
inference rule based on [[7]: 395]:

P2
[#1]b2

If ¢ € PpyppeL is provable by (R1),(R2),(R3) or (R4) from (A1),(A2),(A3),(A4),
(A5),(A6),(AT7),(A8),(A9),(A10),(A11),(A12),(A13),(A14),(A15),(A16),(A17),
(A18),(A19),(A20),(A21),(A22),(A23) or (A24), we write FpyppeL @

(R4) (Generalisation).

3.4 Monty Hall Dilemma

The Monty Hall dilemma is an open problem which is well-known among lin-
guists, philosophers, psychologists, and logicians. Nowadays this dilemma is a
common topic in probabilistic dynamic epistemic logic. Kooi gave an answer to
this dilemma in terms of PUPDEL. This dilemma is stated as follows:'°

Ezxample 1. Suppose you're on a game show, and you’re given the choice of three
doors. Behind the door is a car, behind the others, goats. You pick a door, say
number 1, and the host (Monty Hall), who knows what’s behind the door, opens
another door, say number 3, which has a goat. He says to you, “Do you want to
pick door number 27" Is it to your advantage to switch your choice of doors?

3.5 Semantic Analysis of Monty Hall Dilemma in Terms of PUPDEL

Assume that MpyppeL := (W, 7, Ry, Ry, P) is given. Let W be {wy, wa, w3, wq}
where w; is a world where there is a car behind the door 1 and MH opens the
door 2, wy is a world where there is a car behind the door 1 and MH opens the
door 3, ws is a world where there is a car behind the door 2 and MH opens the
door 3, and wy is a world where there is a car behind the door 3 and MH opens
the door 2.

Y [[14): 6].



Because wy € Ry(ws) for all wy,wy € W, from (SDP) we have
P(I, wl) = P(I, IUQ) = P(I, UJ3) = P(I, w4).
Then we have, for all w € W,

1

PI,w({wl}) - PI,w({'LUQ}) = 67

Pro({ws}) = Proy({ws}) = é

Let ¢3, 11 and 15 each denote the following sentence.

¢3 := MH opens the door 3,
1)1 := there is a car behind the door 1,
1)9 := there is a car behind the door 2.

Because

Praw(Wrw(¥1)) = Prw({wi}) + Prw({we}) =

=
S =
W=

we have, for all w € W,

(MPUPDELJU/) ': P](i//l) = % for all w’ € R[(w).

So we have

MbpuppeL = Ki(Pr(¥1) = %)

Moreover, because, for all w € W,

 Prw(Wiw(ds Ay)) Prw({w2}) _ 5 1
Pronoa Wi oaW0) = =25, (W1 w(69) Prw(wa)) + Pro(@wsh) 543 3
 Prw(Wrw(és Aip2)) Pr,o({ws}) 5 2
Prowts (Wiwos W02 = =5 TGy "G~ Pra(uah) + Pro(wad)  3+3 3

we have, for all w € W,

(Mg, puppeL, w') = Pr(1)
(Mg, puppes, w') = Pr(t2)

for all w’" € Ry ¢, (w),
for all w" € Ry ¢, (w).

(SN

So we have the following results:

MpuppeL = [03]K(Pr(1) = 1), MpuppeL = [03]K 1 (Pr(12) = g)

3 3
Therefore I should switch my choice. However, Ichikawa comments that there
are overwhelmingly many examinees that support the answer that they do not
have to switch their choices.!! Isn’t there a method of representing the belief
change that supports this answer? There exists such a method. General imaging
is a prime candidate for this task. I will propose a new version of probabilistic
dynamic epistemic logic (GIPDEL) that is based on general imaging.

H([5]: 27].



4 General-Imaging-Based Probabilistic Dynamic
Epistemic Logic GIPDEL

4.1 Language

I give the language of GIPDEL LgppEL-

Definition 9. LgppeL is defined in terms of a finite set S of sentential variables,
a finite set A of agents, an epistemic operator K, , a characteristic function G,
a probability function symbol P, and an update operator | ]. The well-formed
formulae of LgippeL are given by the following rule:

$ri=s5|T |0 | ¢1Ad2 | Kal |Zn ¢z>r\an ) =7 [1]e,

where s € S,a € A and ry1,...,1n,7 € Q. Let Py denote the set of all
well-formed formulae of LgippeL. Let Py, cgpon. denote the set of all a-probability
formulae of Laipper and let T ppe denote the set of all terms of LaippEL-

4.2 Semantics

We prepare some concepts for the definition of general imaging. Let wa <, w3
denote that we € W is at least similar to wy € W as ws € W is. Let wg <4, w3
denote that wy € W is more similar to wy; € W than ws € W is. The comparative
similarity system is defined as follows:'?

Definition 10. We posit an assignment of <., and R,(w) tow € W. Let us call
such an assignment a comparative similarity system iff, for each wi, ws, w3, wy €
W, the following sixz conditions hold.

=<w, 18 transitive; that is, if wo <, w3 and w3z S, wa, then wa <y, W4.

=w, 18 strongly connected; that is, for any w2 and w3, wa Jw, W3 Or W3 Rey; Wa.
w1 is self-accessible; that is, w1 € Ra(w1).

wi 18 strictly <, -minimal; that is, if any we different from wi, w1 <w, w2.
Inaccessible worlds are strictly <., -mazimal; that is, if ws ¢ Rq(w1), then for any
w2, W2 jwl ws.

Guds fo o~

6. Accessible worlds are more similar to w1 than inaccessible worlds; if wa € Rq(w1)
and ws ¢ Rq(w1), wa <, w3.

Imaging is a method of changing probability functions Lewis proposed in [9]. It
produces minimal disturbance in the following sense:

Imaging P on A gives a minimal revision in this sense: unlike all other
revisions of P to make A certain, it involves no gratuitous movement of
probability from worlds to dissimilar worlds.'3

2 This definition is based on [[8]: 48-49].
13119 148).



In order to define imaging, it is necessary to assume that, in a comparative
similarity system, for any w € W, there is a unique w’ € W that is the most
similar to w among the worlds where ¢ is true. General imaging is a version of
imaging Gardenfors proposed in [3]. In order to define general imaging, we have
only to assume that, in a comparative similarity system, for any w € W, there
is at least one world that is the most similar to w among the worlds where ¢ is
true. Let W3’ denote the set of all worlds that are the most similar to w among
the worlds where ¢ is true. We define gwrr W — 1R as follows:

Definition 11.

1
—— if wa € W
w = Wit " wh E w =1.
gW¢1(w2) { | P | where gwd)l(wg)

0  otherwise, waeW 1
¢

By means of Definition 4 and Definition 11, we define general imaging as follows:
Definition 12.

Pt?,whdn (Wa,wl,m (¢2))
Z Z <9W“’2 . (ws) + Pa,uy ({w2})) if FaippEL @1 & L > @2,
w3 EWa,wy ($2) w2€EWa,wy e

0 if FaippeEL @1 ¥4 L — @2,
1 if FaippEL @1 = L.

We define an updated multi-agent structured Kripke model for GIPDEL as fol-
lows:

Definition 13. When a multi-agent structured Kripke model MgppeL := (W, <
,7T,Rm7...,Ra",’ﬁ), where W is a finite set of possible worlds and P is an
extended probability assignment that assigns to each a € A and each w € W
an extended probability space ’ﬁ(mw) = Wow, Faw, 1,0, Py ), where Fo o 1S
a field of subsets of Wy 4, and ¢1 € Prepps 0re given, an updated multi-agent
structured Kripke model for GIPDEL Mgy, cippeL is an (n + 4)-tuple (W, , <4,
Ty Ray gns - s Ran.dys Poy ), where

Wy, =W,
<p,==  (defined by Definition 10),
Te, =T,

Ra, 4, = {(w1,w2) € Ra, : (MaippeL, w2) = ¢1},

Ra, ¢, = {(w1,w2) € Ra, : (MairoeL, w2) = ¢1},

Py, = (Wa,w1,¢1:-7:a,w1,¢1agww2 B s Pa,wy,¢1), where

1,%1
%% — Wa,u)l if Pa,wl (W¢17W1 (d)l)) =0,
@wLi$L ° {w2 € Wo,w, : (MaippeL, w2) = é1} otherwise,
Fawi,61 15 a field of subsets of Wa wy,¢1,
Gy vz was defined by Definition 11,

a,wq,b1
Pawi,61(Wawi,6:(¢2)) 1=
Paw, (Wa7w1 (¢2)) if Paw, (Wa,wl (¢1)) =0,
Pf’wl’% (Wa,uwy,61 (¢2))  (defined by Definition 12) otherwise,

10



Moreover, MgippeL and Mg, cipper satisfies (CONS),(OBJ),(SDP),(UNIF)
and (MEAS). Let MgppeL denote the class of all structured Kripke models for
GIPDEL.

I give the following truth definition.
Definition 14. The notion of ¢ € Prippe being true at w € W in MgippeL, in
symbols (MgippeL, w) = ¢ is inductively defined as follows:

(MaipoeL, w) = iff w(w)(s) = true,

(MaipoeL, w) E ¢1 A b2 iff (MGIPDEL,’W) E¢1 and (MoappeL, w) = b2,
(MaippeL, w) =9 iff  (MaippeL, w) = ¢

(MaippeL, w1) = K (¢) iff (MappEL, w2) = ¢ for all wa € Ry(wy),

(MaippeL, w) = ZnG (¢) =7 iff Zr, . { Lif Ms;'ﬁfw;z;) = ¢} =r,

(where S := {517 ..., 8n} and (MgppeL, wl) = s1& ... &sy, and (MgippeL, w2) = —s1& ... &sy, and
.. and (MGIPDEL;"U2“ 1) | -si1&. TSR 1&Sn and (MeaippeL, wan) = —s1& ... &—sp_1&—sy,)

MGIPDEL; FZ"”L a )>T iff ZTZ aw(Wa w(¢1 )>T;
(MippeL, w) = [¢1]¢2 iff (M¢1,GIPDEL77~U) = ¢2.

If (MaippeL, w) = ¢ for all w € W, we write MgippeL = ¢ and say that ¢ is
valid in M. If ¢ is valid in all models in MgppeL, we write MgppeL E ¢ and
say that ¢ is valid with respect to Mg ppEL -

4.3 Syntax

The axiom system of GIPDEL is the same as that of PUPDEL, except that the
former has the following axioms and inference rule, instead of (A23) and (A24).

n n

(A25) (ignei(@ =r) = (chiw) +0G 41 (9) = 1)
(Adding and Deleting 0 Terms),

(a2p) QTGH@) =1) = O _ri.Gi(9) =)

i=1 i=1

if j1,...,Jn is a permutation of 1,...,n (Permutation),
_ TG (Y — o LG () — /
(A27) Q;nGl(w =) A <chz<¢> r') — Z( +1)Gi(9) = (r+1')

(Addltlon of Coeﬂi(:lents)

(A28) (Z riGi(g) =r) < (Z r'riGi(¢) = r'r)

i=1 i=1
if ¥ >0 (Multiplication of Nonzero Coefficients),

(azg) (911D 7iGi(#2) =1) = (3 riGil(dnda) = 1)
(Cha;;éteristic Function U;E;te),
(as0) (@12 mPa(é) 27) = (3 rPalslos) = 1)

(Prol;ability Update),

11



(Pa(s1& ... &sn) = r&Po(—s1& .. . &sp) =1m2& ...
&Pa(ﬁsl& e &‘!Sn_l&sn) = T2n_1&Pa(‘|51& - &ﬁsn_l&ﬁsn) = Ton

o -
A
A3 P (01) = S riGu(0n) = (62IPalor) = 3 Gilon),
where S := {Z;l, ..., 8n} (Linearity of Prob;)lility Update),
(R5) 1 < g2 (Distributivity).

Gi(d1) = Gi(¢2)
If ¢ € PgippeL is provable by (R1),(R2),(R3),(R4) or (R5) from (Al),(A2),(A3),
(A4),(Ab),(A6),(AT),(A8),(A9),(A10),(A11),(A12),(A13),(A14),(A15),(A16),
(A17),(A18),(A19),(A20),(A21),(A22),(A25),(A26),(A27),(A28),(A29),(A30) or
(A31), we write FG”DDEL (ZS

4.4 Soundness and Completeness
We can prove the soundness theorem of GIPDEL in the usual way.

Theorem 3. (Soundness)
If FaippeL ¢, then MaippeL = ¢

In order to prove completeness of GIPDEL, we give a translation function 7 :
Lcipper — LpeL. Because completeness of PEL is proved, it suffices to show
that every well-formed formula is equivalent to its translation in GIPDEL. This
method is usual in the literature of dynamic epistemic logics.'

Definition 15. A translation function T : Lgpper — LpeL s defined as follows:

1. 7(s) = s,

2. 7(T)=T,

3. 7(=¢) = ~7(9),

4. (91 A1) = T(91) A T(¢2),

5. 7(Ka(9)) = Ka(r(9),

6. 7Y _riGi(9) =7) = O _niGi(r(9)) = 1),
7.7 P <¢z>>r>:<2m (7(¢) 2 1),

8. T([gb

9. 7([¢

10. 7([¢1](d2 A ¢2)) = T([¢1]¢2) AT([¢1]3),

11. T([¢1]K (¢2)) = Ka(7(¢1) —>nT([¢1]¢>2))7
7([#

ﬂzn (¢92) = 1) = (Y riGi(r([¢]62) =),

i=1
n n

13 7([¢] Y riPa(¢:) 2 7) = (Y riPa(r([¢]6:)) = 7).

=1 =1

12.

We can prove the following lemma.

14 As for this method, refer to [[4]: 95-97], [[6]: 110-113] and [[7]: 396-397].
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Lemma 1. For every ¢ € $gippeL, FeippeL 7(¢) < ¢.

From Theorem 2 and Lemma 1, we can prove the completeness theorem of
GIPDEL.

Theorem 4. (Completeness)
If MgippeL = ¢, then FgippeL -

4.5 Semantic Analysis of Monty Hall Dilemma in Terms of GIPDEL

Assume that MgppeL := (W, =, 7, R;, Ry, P) is given. Then =< enables us to
assume that ws is the most similar to w; among the worlds where ¢3 is true, and
to assume that wy and wgs are the most similar to wy among the worlds where

@3 is true.
Because, for all w € W,
ProwgsWrawgs (1) = PPy o Wiwe, (1) =5 +5+35 3= 3
Prwgs Wrw,ss($2)) = PPy 6 Wiwes($2) =3+ 5 -5 =3,
we have, for all w € W,
(M¢37G|pDEL,’w') ': Pj(wl) = % for all w’ € Rr ¢, (w),
(M¢37G|pDEL,’w') ': Pj(wg) =3 for all w’ € Rr ¢, (w)
So we have the following results:
1 1
MaippeL = (03] K (Pr(¢1) = 5), MaippeL = (93] K (Pr(12) = §)~

Therefore I do not have to switch my choice. In this way, general imaging can
represent the belief change that supports this answer.

5 Semantic Analyses of Modified Version of Monty Hall
Dilemma

5.1 Modified Version of Monty Hall Dilemma

Ichikawa presented a modified version of the problem of three prisoners.'® Like-
wise, we can state a modified version of the Monty Hall dilemma as follows:

Ezample 2. Suppose you're on a game show, and you’re given the choice of three
doors. Behind the door is a car, behind the others, goats. Somehow, you know
the probability of there being a car behind the door 1 is %, the probability of
there being one behind the door 2 is i and the probability of there being one
behind the door 3 is % You only tentatively pick a door, say number 1, and the
host (Monty Hall), who knows what’s behind the door, opens another door, say
number 2, which has a goat. Then what do you think the probability of there
being a car behind the door 17

15 [[5]: 29].
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5.2 Semantic Analysis in Terms of PUPDEL

Assume that MpyppeL := (W, 7, Ry, Ry, P) is given. Then we have, for all
we W,

1 1 1
Pro(fwn) = Pro(ws}) = 50 Pra(fush) =3, Pro(wi}) = 5.
Let ¢2 denote the sentence that MH opens the door 2.
Because, for all w € W,
_ PI,w(WI‘w(QﬁZAwl)) _ PI,w({wl}) _ é _ l
Prowos (Wwor (1) = =5 Gr @~ Pralto) + Pru(ws))  T+3 5

we have, for all w € W,

(M¢2,PUPDEL7U)/) ’: P[(’L/)l) = % for all w’ € R[7¢2 (w)
So we have the following result:

1

MpuppeL = [02]Kr(Pr(¢1) = g)~

However, Ichikawa comments that there is no reason to believe that the proba-
bility that there is a car behind the door 1 decreases even though there may be
reason to believe that the probability remains.'®

5.3 Semantic Analysis in Terms of GIPDEL

Assume that MgppeL := (W, j,ﬂ,RI,RMH,ﬁ) is given. Then < enables us to
assume that w; is the most similar to wy among the worlds where ¢5 is true, and
to assume that w; and w4 are the most similar to w3 among the worlds where
@2 is true.

Because, for all w € W,

PI,w,qbQ (Wl,w,tﬁz (1/’1)) = PIC?w)¢2 (Wl,w,qbg (1/11)) =
we have, for all w € W,

(M¢2,GIPDEL7U1/) ': P[(@Z)l) = % for all w’ € R17¢2 (w)
So we have the following result:

3

MaippeL = [02] K (Pr(31) = §)~

GIPDEL can give a plausible answer also in Example 2.

16 [[5]: 30].

14



6 Concluding Remarks

Kooi says:

The Monty Hall dilemma is a puzzle for which intuitions fail many peo-
ple. The best way to show that the counterintuitive results are correct
is to use some formal method. PDEL provides such a method.!”

I do not agree with him. The Monty Hall dilemma does not illustrate that intu-
itive reasoning is sometimes incoherent with mathematical rules. But it shows
that there are probability changes that cannot be represented in PUPDEL.'® In
this paper, I proposed GIPDEL and showed that these probability changes can
be represented in GIPDEL. The modified version of this dilemma supported this
opinion.
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